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1 Introduction. 



The papers. 

Simple geodesies and Weil-Petersson volumes of moduli spaces of bordered Riemann 
surfaces. Invent. Math., 167(1): 179-222, 2007. 

Weil-Petersson volumes and intersection theory on the moduli space of curves. J. 
Amer. Math. Soc, 20(l):l-23, 2007. 

The goals of the papers. 

1. Derive an explicit recursion for WP moduli space volume polynomials. 

2. Apply symplectic reduction to show that the polynomial coefficients are intersec- 
tion numbers. 

3. Show that the volume recursion satisfies the Virasoro relations - Witten's con- 
jecture. 

The trio of Maryam Mirzakhani papers |Mir()7a > !Mir07bl lMirQ8] are distin- 
guished for involving a large number of highly developed considerations. The first 
work requires a detailed description of Teichmiiller space, the action of the mapping 
class group, formulas for Weil-Petersson (WP) symplectic geometry, classification 
of simple geodesic arcs on a pair of pants, the length infinite sum identity and exact 
calculations of integrals. The second work involves a description of the moduli space 
tautological classes k\ and ip, as characteristic classes for S 1 principal bundles in 
hyperbolic geometry, the moment map and exact symplectic reduction, as well as 
combinatorial calculations. The third work uses the PL structure of Thurston's 
space of measured geodesic laminations AiQC, the train-track symplectic form and 
Masur's result that the mapping class group acts ergodically on AiQC. A fine fea- 
ture of the works is that they showcase important aspects of the geometry, topology 
and deformation theory of Riemann/hyperbolic surfaces. Mirzakhani's recursion for 
volume is applied in all three works and in a current preprint. A discussion placing 
Mirzakhani's work into the context of approaches to Witten-Kontsevich theory is 
given in the first section of the Mulase-Safnuk paper |MS08j . A brief exposition of 
Kontsevich's original solution [Kon92] of Witten's conjecture, including the basic 
geometry of tautological classes on moduli space and the ribbon graph expansion 
of matrix integrals is given in the Bourbaki Seminar of Looijenga |Loo93] . A brief 
exposition of Mirzakhani's volume recursion, solution of Witten-Kontsevich and ap- 
plications of WP volume limits are given in |Doll| . An overall exposition of Mirza- 
khani's prime simple geodesic theorem [Mir08] is given in |WlplO Chaps. 9, 10]. 



Mirzakhani's work is just one part of a subject with high activity and many active 
researchers; Google Scholar shows 200 citations to the three Mirzakhani works, and 
much more generally over 1100 citations to Witten's original papers WitOU [Wit92j 
on two-dimensional gravity and gauge theories. 

First paper brief. A symplectic fibered product decomposition for covers of the 
moduli space of bordered Riemann/hyperbolic surfaces is combined with the diAdr 
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formula for the symplectic form and a universal identity for sums of geodesic-lengths 
to derive an explicit recursion for computing volume. The volume of the moduli 
space of genus g, n boundaries surfaces is shown to be a polynomial with positive 
coefficients in surface boundary lengths of total degree 6g — 6 + 2n. 

Second paper brief. Twist Hamiltonian flows are combined with the boundary length 
moment map to apply symplectic reduction for the family of moduli spaces of bor- 
dered hyperbolic surfaces. The consequence is that the coefficients of the volume 
polynomials are moduli space characteristic numbers. A geometric construction 
shows that the characteristic numbers are tautological intersection numbers. The 
volume recursion is shown to satisfy Virasoro algebra constraints. 

The following theorems are the immediate take away results of the papers. 

Theorem. The WP volume polynomials. The volume polynomials are determined 
recursively from the volume polynomials of smaller total degree, [MirOla, Formula 
(5.1) & Theorem 8.1]. The volume V g>n (Li, . . . , L n ) of the moduli space of genus 
g, n boundaries, hyperbolic surfaces with boundary lengths L = (L\, . . . ,L n ) is a 
polynomial 

V g>n (L) = C « L2a > 

\a\<3g—3+n 

for multi index a = (a\, . . . , a n ) and where C a > lies in 7r 69 ~ 6+2n ~ 2 ' a 'Q ; \Mir01a , 
Theorems 1.1 & 6.1]. The coefficients are intersection numbers given as 

nSigSin r 

where tpj is the Chern class for the cotangent line along the j th puncture, u is the 
symplectic form, a\ = YYJ =1 aj\, and (5** is the Kronecker indicator delta, \Mir07b , 
Theorem 4-4]- 

Theorem. [MirOla, Theorems 6.3 & 6.4]- Recursive relations for the volume poly- 
nomial leading coefficients. For a multi index a, define 

n 

(<*!,..., a n ) g = C a x 2-^" xJI^Ix 2H, 

»=i 

then for n > and £^ on = 3g — 3 + n, 

the dilaton equation (1, oti, ■ ■ ■ , a n )g = (2g — 2 + n) {a\ , . . . , a n )g 

and for n > and ^\ on = 3g — 2 + n, 

the string equation (0, a±, . . . , ot n ) g = (cti, . . . , ctj — 1, . . . , a n ) g . 
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For the intersection number generating function 



f(a, *,,*!,...) = £ x29 ~ 2 e <n ^ >• n . 

9=0 {<£,} i=l r>0 



with n r = #{j | dj = r} , and 



n 

(r dl ---T dn ) g = _ Yl^f, 

JMg,„ =1 



for YZj=i dj = 3g — 3 + n and the product (r*) otherwise zero, then the exponential 
e F satisfies Virasoro algebra constraints, \Mir01b , Theorem 6.1] . 



2 The organizational outline and reading guide. 

The following outline combines [Mir07a, Mir07b| with the exposition of |WlplO 
Chapter 9]. The lectures are presented in the next section. 

• Teichmiiller spaces, moduli spaces, mapping class groups and the symplectic 
geometry. 

— The Teichmiiller space 7^, n and moduli space M- g ,n'-> the Teichmiiller space 
T g (Li, . . . , L n ) and moduli space M. g (Li, . . . , L n ) of prescribed length 
geodesic bordered hyperbolic surfaces; the augmented Teichmiiller space 
and Deligne-Mumford type compactifications; Dehn twists and the map- 
ping class group MCG action. 

— The WP symplectic geometry, |WlplO| . 

* The symplectic form u = 2uj wp Kihlci and normalizations. 

* Geodesic-length functions £ a , Fenchel-Nielsen infinitesimal twist de- 
formations t a and the duality formula oo{ ,t a ) = d£ a . 

* Fenchel-Nielsen (FN) twist-length coordinates (Tj,£j) for Teichmiiller 
space and the formula u = ^ • dlj A drj . 

— The intermediate moduli space Mg, n of pairs (R, 7) - a surface and a 
weighted multicurve 7 = ^ . Cj"fj. 

* The covering tower 

Tg,n — ► Ml n — ► M g , n . 

* The stabilizer subgroup Stab(7) C MCG for a weighted multicurve. 
The MCG deck cosets for the covering tower. 
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* Symplectic structures for Aig, n and M. g (L). 

— The Tg t n and Aig, n level sets of the total length t = ^ ■ Cj£ lj . 

Lemma. [Mir07a|, Lemma 7.2]. Preparation for volume recursion and 
symplectic reduction. A finite cover of Mg,n is a fibered product of sym- 
plectic planes and lower dimensional moduli spaces. 

• The McShane-Mirzakhani length identity. 

— The set B of homotopy classes rel boundary of simple arcs with endpoints 
on the boundary. Classification of geodesic arcs normal to a boundary: 
simple geodesies normal to a boundary at each endpoint <?=^ disjoint 
pairs of boundary intervals -4=>- wire frames for pants. 

— Birman-Series: simple geodesies have measure zero. 

— The rational exponential function H; the hyperbolic trigonometric func- 
tions T> and 1Z; relations. 

— The length identity. 

Theorem. |Mir07al Theorem 1.3 & 4.2] and [TWZ061 Thrm. 1.8]. For 

a hyperbolic surface R with boundaries j3j with lengths Lj, 

n 

L x = V{L u e ai (R),i a2 (R)) + ^Ys n ^> L iMR))> 

where the first sum is over all unordered pairs of simple closed geodesies 
with /3i,«i,a2 bounding an embedded pair of pants, and the double sum 
is over simple closed geodesies with Pi,f3j,a bounding an embedded pair 
of pants. 

— |Mir07at Section 8] - Recognizing and understanding the identity as a 
smooth analog to a MCG fundamental domain. Reducing to the action 
of smaller MCG groups. 

• The Mirzakhani volume recursion. 

— A covolume formula - writing a moduli integral as a length level set inte- 
gral - the role of the intermediate moduli space Mg, n - (Mir07al Theorem 
7.1] and |WlplOj Theorem 9.5]. 



— The application for the McShane-Mirzakhani identity. 

* The integrals j[^ nected ^ ^^disconnected an( j "Q g n G f lower-dimensional 
moduli volumes. 

* The corresponding connected and disconnected boundary pants con- 
figurations. 
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Combining the length identity and covolume formula for the main 
result; see |WlplO[ pg. 91 bottom, pg. 92]. 

Theorem. |Mir07al Section 5 and Theorem 8.1]. For (g, n) / (1, 1), (0, 3), 

the volume V g ^ n {L) satisfies 

d -LxVg^L) = A~ ted (L) +A f—ct ed{L) +Bgn{L y 



* The integrals A%(L) and B*(L) are polynomials in boundary lengths 
with coefficients sums of special values of Riemann zeta; the coeffi- 
cients are positive rational multiples of powers of it. 

Symplectic reduction and the Duistermaat-Heckman theorem. 

— The WP kappa equation u = 2ir k\ on Deligne-Mumford |Wlp90| . 

— The geometry and topology of the Teichmuller space T g (L) = T g (L\, . . . ,L r 
of hyperbolic surfaces with geodesic boundaries with points. 

— A symplectic structure for T g {L) by summing on almost tight pants. The 
boundary length moment map R 6 T g {L) i— > L 2 /2 € Wt. Twisting 
boundary points as Hamiltonian flows. 

— Symplectic reduction, l-'()()(ij. T g (L) as the reduced space T g {L) / {S 1 ) n . 
T g {L) as a principal (S ) n bundle over T g>n (L) and the small L equivalence 

Tg(L)*tTg, n (P), 

(S l ) n >-f g (L) 



r 9 (L)«r 9 ,„(o). 

— Points on circles, cotangent C-lines at punctures, circle bundles and ho- 
motopic structure groups. The tautological cotangent line class ij). 

— MCG equivariant maps and quotients. Deligne-Mumford type compact- 
ifications and finite covers. The elliptic stack 2. 

— The Duistermaat-Heckman normal form, [Mir07b, Theorem 3.2], [MS08, 
Section 2.5] and |Wlpl0j pg. 95], 

L 2 

3 

— The consequence of symplectic reduction, [Mir 07b [ Theorem 4.4]. 

Theorem. The volume polynomial V gjn [L) coefficients are M. g>n inter- 
section numbers given as 

n — - / ih ai ■■■ih an D 3 9- 3 + n - a \ 

Ca -2\«\aK3g-3 + n-\ a \)lJ^ 
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where i/jj is the Chern class for the cotangent line along the j th puncture, 
u) is the symplectic form and 5** is the Kronecker indicator. 

• The pattern of intersection numbers. 

— The general intersection number symbol 



Mg,n j—l 

and volume polynomial expansions. 

— Examples: V lfl (L) = ^ + g, Vq^, L 2 , L 3 , L 4 ) = (4vr 2 + L\ + L\ + 
Ll + L\)/2 andy 2il (L) = —bio ^ + ^ 2 ){L 2 + 12vr 2 )(5L 4 + 384vr 2 L 2 + 
6960vr 4 ). 

— The partition function F = X^g( e jTj )g an d Virasoro constraint differ- 
ential operators |Mir07b| . The partition function G = ^2 g (e SKl+ ^ j * jTj ) 
and Virasoro constraint differential operators [MS08, Theorem 1.1]. 

— The Do remove a boundary relation 



dV g ,n+i 
dL n+ \ 



(L, 2ni) = 2iri(2g -2 + n)Vg >n (L), [DoM IDN09j . 



The Manin-Zograf volumes generating function jMZOOj . The punctures 
asymptotic - for positive constants c, a g , genus fixed and large n, then 

V g>n = c n n!n (5s - 7)/2 (a 9 + 0(l/n)), [MZOO] . 

The Schumacher- Trapani genera asymptotic - for n fixed, there are pos- 
itive constants, then 

4(2g)\ < V g>n < cf (20)!, [GTuOTl ISTOlj . 
The Zograf conjecture 

V g , n = (4^ + "- 3 (2 5 + n-3)!^(l + ^ + 0(l/ 5 2 )), 

for fixed n and 5 tending to infinity, [Zog08] . Expected values of geometric 
invariants |MirlOj . 
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3 The lectures. 



The following is an exposition of Mirzakhani's proof of the Witten-Kontsevich the- 
orem, including the immediate background material on Teichmiiller theory, moduli 
space theory and on symplectic reduction. The lectures are presented as from a 
graduate text - the exposition follows the development of concepts, and does not 
consider the historical development of the material. The goals are general treatment 
of the material and overall understanding for the reader. In places, the approaches of 
several authors are combined for a simpler treatment of the material. Only immedi- 
ate references to the literature are included. The reader should consult the literature 
for the historical development, for complete references and for consequences of the 
material. 



1. The background and overview. 



2. The McShane-Mirzakhani identity. 



3. IThe covolume formula and recursion. I 



4. Symplectic reduction, principal S 1 bundles and the normal form. 



5. |The pattern of intersection numbers and Witten-Kontsevich, 



Lecture 1: The background and overview. 
General background. 

By Uniformization, for a surface of negative Euler characteristic, a conformal 
structure is equivalent to a complete hyperbolic structure. We consider Riemann 
surfaces R of finite topological type with hyperbolic metrics, possibly with punctures 
and geodesic boundaries, if boundaries are non empty. Fix a topological reference 
surface F, and consider a marking, an orientation preserving homeomorphism / : 
F — > R up to homotopy. If boundaries are non empty, homotopy is rel boundary 
setwise. Write T for the Teichmiiller space of R - the space of equivalence classes of 
pairs {(/, R)}, where pairs are equivalent if there is a homotopy mapping triangle 
with a conformal map (a hyperbolic isometry) between Riemann surfaces. 



Figure 2: A genus 3 surface with 2 geodesic boundaries. 

We consider the following Teichmiiller spaces 7~: T g - for compact genus g sur- 
faces; Tg(L) - for genus g surfaces with labeled geodesic boundaries of prescribed 
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lengths L = (L\, . . . ,L n ); T g , n - for genus g surfaces with n labeled punctures. In 
the case of T g {L), homotopies of surfaces are rel boundaries setwise. T g and T g>n are 
complex manifolds, while T g {L) is a real analytic manifold. 

A non trivial, non puncture peripheral, free homotopy class aonF has a unique 
geodesic representative for f(a) on the surface R - the geodesic length £ a (R) provides 
a natural function on Teichmiiller space. Collections of geodesic-length functions 
provide local coordinates and global immersions to Euclidean space for T. The 
differential of geodesic-length for a simple curve is nowhere vanishing. At each 
point of T, the differentials of geodesic-lengths of simple curves are dense in the 
cotangent bundle. 

A surface can be cut open on a simple closed geodesic - the boundaries are 
isometric circles. Since a neighborhood of a simple geodesic has an S 1 symmetry, 
the boundaries can be reassembled with a relative rotation to form a new hyperbolic 
structure. The deformation is the Fenchel-Nielsen (FN) twist. The infinitesimal 




Figure 3: A positive Fenchel-Nielsen twist deformation. 

deformation for unit speed hyperbolic displacement of initial adjacent points, is the 
Fenchel-Nielsen infinitesimal twist vector field t a on T ■ (A positive twist corresponds 
to displacing to the right when crossing the geodesic.) 

Geodesic boundaries of hyperbolic surfaces of common length can be assembled 
to form new surfaces. Given boundary reference points, the relative rotation is mea- 
sured in terms of arc length. A hyperbolic pair of pants is a genus zero surface 
with three geodesic boundaries. For pants, boundary reference points are provided 
by considering the unique orthogonal connecting geodesies between boundaries. At 
a gluing, the common boundary length £ and relative rotation, the FN twist pa- 
rameter r, are unrestricted parameters (r is defined by continuation from an initial 
configuration). The length £ varies in M>o and twist r varies in M. Each finite 
topological type hyperbolic surface can be assembled from pairs of pants. 

Theorem 1. Fenchel-Nielsen coordinates. Fixing the topological type of a pants 
decomposition and an initial configuration, the FN parameters Y\^\ i+n {£j, tj) define 

a real analytic equivalence ofT to IX/=i~ 3+n ^>o x 
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The Weil-Petersson (WP) metric is Kahler. The symplectic geometry begins 
with the symplectic form u = 2u WP K ahi cr and the basic twist-length duality 

uj( ,t a ) = d£ a . 

It follows from the Lie derivative equation Lx^{ , ) = doj(X, , ) + d(uj(X, )) that 
the form u is invariant under all twist flows. It follows that geodesic- length functions 
are Hamiltonian potentials for FN infinitesimal twists. Symmetry reasoning shows 
that I and r provide action-angle coordinates for u. 

Theorem 2. (W), |WlplO| . The dl A dr formula. The WP symplectic form is 

3<?— 3+n 

oj = d£j A drj . 

3=1 

Frontier spaces are adjoined to T corresponding to allowing £j = with the 
FN angle Oj = 2iTTj/£j then undefined (in polar coordinates, angle is undefined 
at the origin). The vanishing length describes pairs of pants with corresponding 
boundaries represented by punctures - the equation £ a = describes hyperbolic 
structures with a represented by pairs of punctures. For a subset of indices J C 
{1, . . . , 3g — 3 + n}, the J-null stratum is <S( J) = {R degenerate | £j(R) = iff j G 
J}. Each null stratum is a product of lower dimensional Teichmuller spaces. A basis 
of neighborhoods in Tu5( J) is defined in terms of the parameters {Ik, 9k, £j)k£j,jeJ- 

The augmented Teichmuller space is the stratified space 

T T ^pants decompositions V ^JcV ^ (^O - 

The space T is also described as the Chabauty topology closure of the discrete 
faithful type-preserving representations of tti(F) into PSL(2; R), modulo PSL(2; R) 
conjugation. The augmentation construction is valid for T g ,T g (L) and 7^, n - T is a 
Baily-Borel type partial compactification. T is never locally compact. The dl A dr 
formula provides for the extension of the symplectic structure to the augmented 
Teichmuller space T ■ Each strata is symplectic. 

The mapping class group (MCG) Homeo + {F)/ Homeoo(F) acts on markings by 
precomposition and thus acts on T ■ For Homeo + (F) we consider type-preserving 
(boundary point, boundary curve), boundary label preserving, orientation preserv- 
ing homeomorphisms. HomeoQ^F) is the normal subgroup of elements homotopic 
to the identity rel boundary setwise. A Dehn twist is a homeomorphism that is the 
identity on the complement of a tubular neighborhood of a simple closed curve, non 
trivial in homotopy, and rotates one boundary of the tubular neighborhood relative 
to the other. Dehn twist classes generate MCG. MCG acts properly discontinuously 
on T and by biholomorphisms for T g and T g , n - Except for a finite number of topo- 
logical types the action is effective. Finite MCG subgroups act with fixed points. 
MCG acts on the stratified space T ■ Bers observed that there are constants b gn , 
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depending on topological type, such that a genus g, n punctured hyperbolic surface 
has a pants decomposition with seam lengths at most b gn . It follows that the do- 
main {£j < bg. n , < Tj < lj} in FN coordinates is a rough fundamental set - each 
MCG orbit intersects the domain a bounded positive number of times. T j MCG is 
a compact real analytic orbifold; T g / MCG and Tg,nl MCG are topologically the 
Deligne-Mumford stable curve compactifications of Ai g and Ai g , n - The Bers funda- 
mental set observation combines with the dl A dr formula to provide that the WP 
volume of Ai is finite. 

The Bers fiber space C (specifically C g and C g n ) is the complex disc holomorphic 
bundle over T with fiber over {(/, R)} the universal cover R. A point on a fiber can 
be considered as a puncture and determines a curve from basepoint for the funda- 
mental group - so C g w 7^,i and C 9i „ « T 9) n+i- An extension MCGe of MCG(F) by 
the fundamental group iri(F) acts properly discontinuously and holomorphically on 
C. The group MCGe is isomorphic to MCG 9jn +i. For the epimorphism from MCGc 
to MCG(-F), the first group acts equivariantly on the fibration of C over T. The 
resulting map ir : C/MCG — > T/MCG describes an orbifold bundle, the universal 
curve, with orbifold fibers - the fibers are Riemann surfaces modulo their full au- 
tomorphism group. Manifold finite local covers and the quotient can be described 
by starting with a surface with locally maximal symmetries and introducing a local 
trivialization of the bundle by canonical (extremal, harmonic) maps of surfaces. 

The augmentation construction applies to the Bers fiber space to give C. MCGc 
acts on the stratified space C. The augmentation quotient C/MCG is an orbifold 




Figure 4: A puncture section of the universal curve C/MCGq over 7"/MCG(i ? ). 

and almost an orbifold bundle over M. - at a node (a pair of punctures) of a Riemann 
surface, the fiber becomes vertical - the local model of the fibration is the germ at the 
origin of the projection {(z, w)} — > {t = zw}, the family of complex hyperbolas. The 
turning of the fibers of the almost orbifold bundle C/MCG — > Ai is measured by line 
bundles on Ai. The family of tangent C-lines to the fibers (Ker dn) is the tangent 
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bundle along a smooth Riemann surface and the relative dualizing sheaf along a 
noded Riemann surface. The hyperbolic metrics of the individual fibers provide 
a line bundle metric for (Kerdir) on C, that although not smooth is sufficiently 
regular for calculation of the Chern form ci. The kappa forms/cohomology classes 
Kfc = f^-iam) c i +1 given by integration over fibers are basic to moduli geometry. 
The geometry and algebra of the kappa classes is studied in the Carel Faber lectures. 
Explicit calculation of the Chern form and integration provides the following. 




oj point- 



wise on M. and in cohomology on M. . 



A conformal structure has a unique extension to fill in a puncture. A labeled 
puncture defines a section s of C 9i „/MCG — > -Mg, n - A section satisfies tt o s = id, 
differentiating gives dn o ds = did. At a node, dir vanishes in the node opening 
direction - for tt(z, w) = t then dn = wdz + zdw vanishes at the origin. Sections 
of Cj MCG over M. are consequently disjoint from nodes. Along a puncture section 
s : M. — > C/MCG, we consider the family of tangent lines (Ker d-7r)\ s or the dual 
family (Ker dir)*\ s . In the Carel Faber lectures, the Chern class is denoted as K. 
-The pullback to Ai by a puncture section s of the dual family (Kerdn)* is the 
moduli geometry canonical psi class ip .- 

In these lectures, to emphasize concepts and the underlying geometry, we will at 
times informally interchange a line bundle and its Chern class, informally refer to 
the moduli space as a manifold, the universal curve as a fiber bundle, and at times 
refer to the open moduli space when actually the augmentation quotient is required. 
Our goal is to discuss the central matters. In spite of the informal approach, an 
experienced reader will find that the treatment is complete. 

Basic references for the above material are [Bus92] and |WlplO| . 
Volume results overview. 

Mirzakhani shows that the WP volume V g , n (L) = V(M g (L)) is a polynomial 
in L, with coefficients given by the intersection numbers of powers of k\ and powers 
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of ip. She further shows that her recursion for determining the volume polynomials 
satisfies the defining relations for the Witten-Kontsevich conjecture. The following 
theorems are the immediate results of the two papers. 

Theorem 4. The WP volume polynomials. The volume polynomials are determined 
recursively from the volume polynomials of smaller total degree, \Mir07a\ Formula 
(5.1) & Theorem 8.1]. The volume V g>n (Li, . . . , L n ) of the moduli space of genus 
g, n boundaries, hyperbolic surfaces with boundary lengths L = (Li,...,L n ) is a 
polynomial 

Vg,n(L) = CaL2a i 

a 

\a\<3g—3+n 

for multi index a = (a\, . . . , a n ) and where C a > lies in 7r 69_6+2n_2 ' a '<Q J \Mir07a , 
Theorems 1.1 & 6.1]. The coefficients are intersection numbers given as 

2 n a \(3g-3 + n-\a\)l Jm^J 1 ^ 

where tpj is the Chern class for the cotangent line along the j th puncture, u is the 
symplectic form, a\ = JJ™ =1 aj!, and (5** is the Kronecker indicator delta, \Mir07b 
Theorem 4-4]- 



Theorem 5. \Mir07a , Theorems 6.3 & 6.4]- Recursive relations for the volume 



polynomial leading coefficients. For a multi index a, define 

n 

(«!,..., a n ) g = C a x 2- fil ^" x^lx 2H 

i=l 

then for n > and J2i on = 3g — 3 + n, 

the dilaton equation (1, a\, . . . , a n ) g = (2g — 2 + n){pL\, . . . , a n ) g 

and for n > and £^ on = 3g — 2 + n, 

the string equation (0,a\, . . . ,a n ) g = (ai, . . . , cxj — 1, . . . , Qi n ) g . 
For the intersection number generating function 

oo oo 
9=0 {dj} 3=1 r>0 

with n r = #{j | dj = r}, and 



„ n 

{r dl • • • Tdjg = _ Yl^f, 

JMg,n j = 1 



for X]j=i dj = 3g — 3 + n and the product (r*) otherwise zero, then the exponential 
e F satisfies Virasoro algebra constraints, \Mir07b , Theorem 6.1]. 



13 



A fine structure for volumes is suggested by the Zograf conjecture 
V g , n = (47r 2 ) 2 ^- 3 (2 5 + n-3)!^(l + Sn. + 0(l/g 2 )), 

for fixed n and g tending to infinity. 

As an application of the method for recursion of volumes and intersection num- 
bers, Do derives a remove a boundary relation for the volume polynomials 



dV g ,n+i 
dL n+1 



(L,2m) = 2m(2g -2 + n)Vg 7n (L), [Do08] . 



The relation gives the compact case volume V g . 

Statement of the volume recursion |Mir07al Sec. 5]. The WP volume V g (L\, ... ,L n ) 
of the moduli space T g (Li, L n )/ MCG is a symmetric function of boundary 
lengths as follows. 

• For Li,L2,^3 > 0, formally set 

Vo,3(L\, L 2 , L 3 ) = 1 

and 

^) = g + § 

• For L = (Li, . . . , L n ), let L = (L 2 , ■ ■ ■ , L n ) and for (g, n) ^ (1, 1) or (0, 3), the 
volume satisfies 

d -L x V g (L) = A^iL) + A d g con (L) + B g (L) 



where 



and 



dLx 

2 poo poo ^ 

A* g (L) = - J J A* g (x,y,L)xydxdy 

B g (L) = / B g (x,L)xdx. 
Jo 



'o 

The quantities AT™, Ai con are defined in terms of the function 



H(x,y) = + ' 



1 + e^2~ 1 + e^2~ 
and moduli volumes for subsurfaces 

A c g on {x, y, L) = H(x + y, L x )V g ^{x, y, L) 
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and surface decomposition sum 

Af on {x,y,L)= ff(s + l/,^l)V flx (x > L /l )y fla (y,L /a ), 

9l+S2 = 9 

7 1 n/ 2 ={2,...,n} 

where in the second sum only decompositions for pairs of hyperbolic structures 
are considered and the unordered sets Ii,l2 provide a partition. The third 
quantity B g is defined by the sum 

1 n - 

~Y {H(x,L 1 + Lj) + H(x,L 1 - Lj)) V g (x,L 2 , ...,Lj,... ,L n ), 

where Lj is omitted from the argument list of V g . 

The basic point: the volume V g {L\, . . . , L n ) is an appropriate integral of volumes for 
surfaces formed with one fewer pairs of pants. 
Lecture 2: The McShane-Mirzakhani identity. 

In 1991, Greg McShane discovered a universal identity for a sum of lengths 
of simple geodesies for a once punctured torus, [McS98j. A generalization of the 
identity serves as the analog of a partition of unity for the action of the mapping 
class group. The identity enables reduction of the action to the actions of smaller 
mapping class groups. Consideration of the identity begins with a surface with 
geodesic boundaries and a study of arcs from the boundary to itself. 

Introduce £>, the set of non trivial free homotopy classes of simple curves from the 
boundary to the boundary, homotopy rel the boundary. We illustrate the approach 
by considering simple curves with endpoints on a common boundary /3; the analysis 
is similar for simple curves connecting distinct boundaries. Each homotopy class 
contains a unique shortest geodesic, orthogonal to /3 at end points - refer to these 
geodesies as ortho boundary geodesies. If the surface is doubled across its boundary, 
then the ortho boundary geodesies double to simple closed geodesies. 

The set B is in bijection to the set of topological pants embedded in the sur- 
face with /3 as one boundary - refer to these pants as /3-cuff pants. First note 
that the endpoints of an ortho boundary geodesic 7, [7] E B are distinct. A small 
neighbor hood/thickening of 7 U f3 is the corresponding topological pair of pants. 
Geometrically, the curve 7 separates /3 into proper sub arcs; the union of each sub 
arc with 7 is a simple curve, that defines a free homotopy class containing a unique 
geodesic. The corresponding geometric pair of pants V has boundaries j3 and the 
two determined geodesies. We will see below that a geometric pair of pants contains 
a unique ortho boundary geodesic. The unions of ortho boundary geodesies and (3 
are the spines, the wire frames, for the embedded geometric /3-cuff pants. 

We now describe how the behavior of geodesies emanating orthogonally from /3 
defines a Cantor subset of /3. The Cantor set will have measure zero and the length 
identity is simply the sum of lengths of the complementary intervals. The following 
description follows the analysis by Tan- Wong-Zhang, [TW Z06], 
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Consider the maximal continuations of geodesies emanating orthogonally from 
f3 - refer to these geodesies as ortho emanating geodesies. In addition to the ortho 
boundary geodesies, there are three types of ortho emanating geodesies: non sim- 
ple, simple infinite length and simple crossing the boundary obliquely at a second 
endpoint. We will see that the types are detected by considering initial segments in 
a pair of pants. 

Consider the geometric pants V, obtained from an ortho boundary geodesic 7 
(see Figure [6]) . The boundaries are j3 and the two defined geodesies a and A (in the 
special case (g,n) = (1, 1) then a = A). A spiral is an infinite simple geodesic ray 
that accumulates to a simple closed geodesic. Two ortho emanating geodesies are 
spirals with accumulation set a and two are spirals with accumulation set A. The two 
spirals accumulating to a boundary wind in opposite directions around the boundary. 
The V main gaps are the two disjoint subarcs of /3 that each contain in their interior 
an endpoint of 7 and have spiral initial points as endpoints. The main gaps will be 
the components of the Cantor set complement corresponding to the pants V . From 
the geometry of pants, geodesies ortho emanating from the main gaps are either 
the spiral endpoints, 7, non simple with self intersection in V or simple crossing /3 
obliquely at a second endpoint. The complement in f3 of the main gaps are a pair 
of open intervals. From the geometry of pants, for a given open interval all ortho 
emanating geodesies exit the pants by crossing one of the boundaries a or A. For 
a given open interval, the initial segments in V are simple and these geodesies are 
classified by their subsequent behavior elsewhere on the surface, by their behavior 
on some other pair of pants. The ortho boundary geodesic connecting f3 to a is 
contained in one of the open intervals, and the ortho boundary geodesic from f3 to 
A is contained in the other. A pair of pants has an equatorial reflection, stabilizing 
each boundary. The equatorial reflection acts naturally on the decomposition of f3, 
interchanging or stabilizing elements. 

In the above, associated to a main gap are the ortho emanating geodesies that 
self intersect in the pants, and the simple geodesies that obliquely cross f3 a second 
time - refer to the second type geodesies as boundary oblique. The next observation 
is that the associations can be reversed, the associations define bijections between 
main gaps and geodesies with particular behaviors on the surface. 

A boundary oblique geodesic and f3 form a crooked wire frame that determines 
a pair of pants, similar to an ortho boundary geodesic determining a pair of pants. 
Boundary oblique geodesies come in continuous families with each family limiting 
to an ortho boundary geodesic. A family and its limit determine the same pair 
of pants. The initial points (the f3 orthogonal points) of family elements lie in a 
common main gap interval - this observation reverses the association of segments of 
main gaps to boundary oblique geodesies. 

Next we describe reversing the association of segments of main gaps to non simple 
ortho emanating geodesies. The first self intersection of such a geodesic is contained 
in a unique embedded pair of pants. To see this, consider the lasso subarc beginning 
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Figure 6: A pair of pants with equators, main gaps, two spirals and an orthobound- 
ary geodesic 7. 

at (3 and ending where the geodesic passes through its first self intersection point a 
second time. The boundary of a small neighborhood/thickening of the lasso is the 
union of a simple closed curve and an element of B. A geometric argument shows 
that the self intersection point is contained in the pants determined by the element 
of B and the lasso initial point lies in the main gap for the pants. This observation 
reverses the association of segments of main gaps to non simple ortho emanating 
geodesies. 



We recall that non simple with interior intersection is an open condition on the 
space of geodesies and an open condition on the space of ortho emanating geodesies. 
By considering the double of the surface, simple with all boundary intersections 
orthogonal is a closed condition on the space of geodesies. The set simple with 
orthogonal single boundary intersection is a Cantor set. The classification of ortho 
emanating geodesies is complete. 




Figure 7: A small neighborhood of a lasso. 
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Theorem 6. (Tan-Wong-Zhang [TWZ06] . and Mirzakhani [Mir07a] . all following 
McShane [McS98].) There is a Cantor set partition of boundary points by the be- 
havior of ortho emanating geodesies: 

j3 = {simple with orthogonal single boundary intersection} 
U {ortho boundary geodesies} U {simple boundary oblique geodesies} U {non simple}. 

An e-neighborhood of the simple complete geodesies, orthogonal to the boundary 
at intersections, is a countable union of thin corridors. In the universal cover the 
corridors are described by reduced bi infinite words in the fundamental group. By 
analyzing the number and width of corridors, Birman-Series show that the set is 
very thin. 

Theorem 7. (Birman-Series, jBS85].) Simple geodesies have measure zero. The 
set S of simple complete geodesies, orthogonal to the boundary at intersections, 
has Hausdorff dimension 1 . The intersection of S and the boundary has Hausdorff 
dimension and measure 0. 

The basic summand for the length identity is a rational exponential function. 
Define the function H on M? by 

H (x, y) = — + — (1) 
1 + e 2 1 + e 2 

and the corresponding functions T>, 1Z on M 3 by 



(x y+z \ 
e 2 + e 2 \ 
— i+r and 
e 2 + e 2 / 

. / cosh | + cosh 

n(x,y,z) = x - log [ — y x _ z 



(2) 



(3) 



\ cosh I + cosh 

The functions T> and 1Z are related to H as follows, 
d 

—V(x,y,z) = H(y + z,x), £>(0,0,0) = and 
ox 

2 ^1l(x, y, z) = H{z, x + y) + H{z, x - y), K(0, 0, 0) = 0. 

Theorem 8. [MkQZaJ Theorem 1.3 k 4.2] and [TWZ061 Thrm. 1.8]. The Mirzakhani- 
McShane identity. For a hyperbolic surface R with boundaries (3j with lengths Lj, 

n 

In = V{L h £ ai (R),£ a2 (R)) + ^^K^L^R)), 

01,02 J=2 a 

where the first sum is over all unordered pairs of simple closed geodesies with Pi,ai, o<2 
bounding an embedded pair of pants, and the double sum is over simple closed 
geodesies with j3\,Pj,a bounding an embedded pair of pants. 
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Proof. By the above Theorems, £p equals the sum over embedded /3-cuff pants of 
main gap lengths and the counterpart lengths for double boundary cuff pants. To 
find the main gap lengths, begin with a formula for the lengths of the complementary 
intervals. In a pair of pants, the ortho boundary geodesic 5 a from (3 to a bisects a 
complementary interval (see Figured]). Let f3 a be one of the resulting half intervals. 
The segment f3 a has the geodesic 5p emanating at one end and a spiral a to a 
emanating at the other end. In the universal cover, consider contiguous lifts 5 a , 
j3 a and a. The three lifts and a half infinite ray lift a of a, combine to form a 
quadrilateral 5, 5 a , f3 a , a with angles n/2, n/2, n/2 and between a and a. By 
hyperbolic trigonometry of quadrilaterals }Bus92j , it follows that 

sinh(V2) sinh(V2) 

tanntfl = secno Q — 



cosh(V2) + cosh(V2) cosh(^/2) 



The complementary interval length is 2tp a = £p — 1Z(£p,£\,£ a )- The formula for 
main gap lengths now follows from the general relation lZ(x, y, z) + lZ(x, z, y) = 
x + V(x, y, z). For double boundary cuff pants, the main gap lengths are added to 
the complementary interval length. The result is 7Z(£p, £ a , £\). □ 



Lecture 3: The covolume formula and recursion. 

The main step is application of the length identity to reduce the action of the 
mapping class group to an action of smaller mapping class groups, and consequently 
express the volume as an integral over a length level set. The result is an integral 
of products of lower dimensional volume functions - the recursion. 

The approach is illustrated by computing the genus one, one boundary, volume. 
The length identity is 

L = V(L,£ a ,e a ). 

a simple 

Introduce Stab(a) C MCG, the stabilizer for MCG acting on free homotopy classes. 
A torus is an elliptic curve with universal cover C with involution z — > —z stabilizing 
the deck transformation lattice. The involution acts on tori and tori with one 
puncture or boundary. The involution reverses orientation for the free homotopy 
class of each simple closed geodesic and the stabilizer Stab(a) is the semi direct 
product of the Dehn twists by the involution Z/2Z subgroup. The involution acts 
trivially on Teichmiiller space. (The torus is one of the exceptional cases where 
the MCG action on T is not effective. We will also discuss the torus case below, 
where a multiplicity is involved.) A Dehn twist acts on the Teichmiiller space in 
FN coordinates by (£, r) — > (£, r + £). The sector {0 < r < £} is a fundamental 
domain for the Stab (a) action. A mapping class h € MCG acts on a geodesicdength 
function by £ a o hr x = £h( a )- 
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Write the length identity as 

L = ^VtLJa^a) = ^ 4(a), 4(a)) , 

a AeMCG / Stab(a) 

use the MCG action on geodesic-length functions, to find 

LV(L) = [ V V(L,£ a oh- 1 ,£ a oh- 1 )u, 

Ml)/ MCG MCG/Stab(Q) 

change variables on T by p = to find 

V f V(L,£ a ,l a )dTdl = [ V(L,l a ,l a )dTdl, 

heMCG I Stab(a) A ( T ( L )/ MCG ) Jt ^)/ Stab M 

and use the Stab(a) fundamental domain, to obtain the integral 

/ / V(L,e,e)drd£. 
Jo Jo 

The integral in r gives a factor of I. 

The derivatives dT>(x,y,z)/dx and dlZ(x, y, z)/dx are simpler than the original 
functions V and 7£ - apply this observation and differentiate in L to obtain a formula 
for the derivative of LV(L), 

4tlv{l) = r — l_ + — L_ m = ^ + ^. 

dL K ' J i + e n§ 1 + 6 8 

The formula V(L) = ^ + § results. 

We prepare for the general case. In algebraic geometry intersection theory, the 
elliptic involution gives rise to multiplying elliptic intersection counts by a factor 
of 1/2. The factor corresponds to the generic fiber of the universal elliptic curve 
being the quotient of the elliptic curve by its involution. Along this line, the gen- 
eral volume recursion is simplified if Vi^(L) is formally defined to be 1/2 of the 
given value V(L). In mapping class group theory, the elliptic involution appears 
as the half Dehn twist for simple closed curves bounding a torus. In particular, 
consider the fundamental group tti(R) of a surface, with the standard presentation 
aibia^ 1 b^ 1 ■ ■ ■ a g b g a~ 1 b~ 1 c\ ■ ■ ■ c n = 1, with Cj a loop about the j th boundary. The 
half Dehn twist about the curve aibia^b^ 1 is the automorphism of tt\{R) given by: 
ai — > bia^b^ 1 ,bi — > b^ 1 ;aj — > a^aja^bj — > a^ l bja\, for j = 2...g, and Cj — > 
a^Cjdi, for j = 1 . . . n. The square of a half Dehn twist is a Dehn twist and a half 
Dehn twist acts on the associated FN parameters by (£, r) — > (£,t + 1/2). 

We now set up for the covolume formula. Let R be a hyperbolic surface with 
geodesic boundaries Pi, . . . ,(3 n . Consider a weighted multicurve 

m 

j'=i 
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where Oj are real weights and jj are distinct, disjoint, simple closed geodesies. Define 
Stab(7) C MCG to be the mapping classes stabilizing the collection of unlabeled, 
weighted geodesies - elements of Stab(7) may permute components of the multicurve 
with equal weights. Write Stab(7j) for the stabilizer of an individual geodesic and 
Stabo(7j) for the subgroup of elements preserving orientation. 

Write R(j) for the surface cut open along the 7 - each 7j gives rise to two new 
boundaries - #(7) may be disconnected. Write T(R('y); x), x = (x\, . . . , x m ) for the 
(product) Teichmiiller space of the cut open surface with the pair of boundaries for 
7j having length Xj. Denote by MCG(i?(7)) the product of mapping class groups of 
the components of R(~~f) and by T(12(7);x)/MCG(i2(7)) the corresponding product 
of moduli spaces. For the product of symplectic forms on T(R(^);x) corresponding 
to the components of #(7), the volume V(R( r y); x) is the product of volumes of the 
component moduli spaces, where again the pair of boundaries for jj have common 
length Xj. Considerations also involve the finite symmetry group 

Sym(7) = Stab (7)/ Hj Stab (7j) 

of mapping classes that possibly permute and reverse orientation of the 7 elements. 

Summing the translations of a function over a group gives a group action invari- 
ant function. Begin with a function /, suitably small at infinity, and introduce the 
MCG sum 

m 

MR)= £ /(X>4( 7J )(^))- ( 4 ) 

MCG/Stab( 7 ) j=l 

The next theorem expresses the moduli space integral 

JM{R) 

as a weighted integral of lower dimensional moduli space volumes. 



Theorem 9. ^irOla, Thrm. 7.1] The covolume formula. For a weighted 7 
SJ=i a j1j an d the MCG sum of a function f , small at infinity, then 



L 



f^dV = {\Sym( 1 )\)- 1 [ /(|x|)T/(i?( 7 );x)x-dx 



'T{R)/ MCG 

where |x| = Ylj a j x j an d x • dx = xi • • • x m dx\ ■ ■ ■ dx m . 

Proof. Corresponding to the components R' of the cut open surface R{^), consider 
the short exact sequence for mapping class groups, 

1 — > JjDehn( 7i ) — ► f] Stab (7j) — > [] MCG(R') — > 1, 

j j R{"f) components 
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and the associated fibration of Teichmiiller spaces from Fenchel-Nielsen coordinates, 

11r( 7 ) components T(R') C >- T(R) 



n T3 %oxK. 

(The short exact sequence places half Dehn twists in the mapping class groups of 
the tori with single boundaries.) The d£ A dr formula provides that the fibration is 
a fibration of symplectic manifolds. 

To establish the formula, first write for coset sums 

E /= E E / = |Sym( 7 )|/ 7 , 

MCG/njStab (7j) MCG/Stab(7) Stab(7)/n j Stab (7 J ) 

using that / 7 is Sym(7) invariant for the second equality. Substitute the resulting 
formula for / 7 into the integral, and unfold the sum (express the MCG / HjStabo(7j) 
translation sum as a sum of translates of a MCG fundamental domain) to obtain 
the equality 

/ f 1 dV = {\$yvi{ 1 )\)- 1 I fdV. 

J T(R)/ MCG Jr(K)/n 3 Stabo(7j) 

Substitute the fibration 

n*( 7 ) components^') /MCG(R') C , T{R)/ f) 3 Stab ( 7 ,) 



n 7 ,(K >0 xM)/Dehn,( 7j ), 

where Dehn* ( 7j - ) is generated by a half twist if the curve bounds a torus with a single 
boundary and otherwise is generated by a simple twist. Substitute the factorization 
of the volume element 

dV = Yl dV(R') x Yl d£j A d Tj . 

R("y) components 7j 

The function / depends only on the values x. For the values x fixed, perform the 
Y[T(R')/ MCG (Rf) integration to obtain the product volume F(i?( 7 );x). Finally 
Dehn*( 7 j) acts only on the variable Tj with fundamental domain < Tj < £j/2 if 
jj bounds a torus with a single boundary or otherwise with fundamental domain 
< Tj < £j. For a torus with a single boundary, the action is accounted for by using 
the volume value that is 1/2 the original V(L). The right hand side of the formula 
is now established. □ 
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We are now ready to apply the covolume formula to the length identity. The 
application follows the genus one example. Again - it is essential to use the MCG 
geodesic-length function action £ a o hT 1 = £u a ), to consider a sum over topological 
configurations as a sum of MCG translates of a function. Consider the action on 
configurations. The mapping class group naturally acts on B, the set of non triv- 
ial free homotopy classes of simple curves with endpoints on the boundary, rel the 
boundary. Recall the correspondences: elements of B <J=^ wire frames -4=>- bound- 
ary pants V . Viewing Figure Q3 the MCG orbits on B are of three types, describing 
location of the boundary pants V . 

• Orbits for simple curves from /3i to /3±. 

— A single orbit for R — V connected, with Sym(/3i, a±, a-z) = Z/2Z. 

— A collection of orbits for R — V disconnected. The orbits are classified 
by the joint partitions of genus g = g\ + g 2 and of labeled boundaries 
{{h, ■ ■ ■ , Pn}i with each resulting component with negative Euler charac- 
teristic. In general Sym(/?i, a\, az) = 1, except in the special case of one 
boundary and g\ = g 2 - 

• A collection of orbits, one for each choice of a second boundary. In particular, 
an orbit for simple curves from /3i to 0j, j 7^ 1. A resulting surface R — V is 
connected, with Sym(/3i , /3j , a) = 1. 

Consider Theorem [3 and integrate each side of the identity 

n 

Li= ■D(L 1 ,£ ai (R),£ a2 (R)) + K^L^i^R)), 

over the moduli space of R relative to the volume dV. Form the L\ partial derivative 
of each side to simplify the quantities T> and 1Z. Apply formulas ([3]) for the right 
hand side. Express the right hand side as individual sums for given orbit types. 
Apply Theorem [9] for each orbit type to find integrals in terms of lower dimensional 
moduli volumes as follows. 

• For the sum over simple curves from /?i to /?i with R — V connected, the 
summand function is T> with 

dV 

7^— = H(£ ai +£ a2 ,Li), 
a function of length of a multicurve, and the resulting integral is 

poo roo 

/ / H(x + y,L 1 )V g - 1 (x,y,L)xydxdy, 
Jo Jo 

for L = (L 2 , . . . ,L n ). 
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• For the sum over simple curves from f3\ to f3\ with R — V disconnected, the 
summand function is T> with 

dV 

-qj-^ = H(£ ai +£ a2 ,Li), 
a function of length of a multicurve, and the resulting integral is 

roo /"OO 

/ / Y] H{x + y,L 1 )V gi {x,L h )Vg 2 {y,Li 2 )xydxdy. 

Jo Jo ~^ 

91+92=9 

7lU/ 2 ={2,...,n} 

• For the sum over simple curves from /3\ to /3j, j 7^ 1, the summand function 
is 1Z with 

= ±H{l a ,L x + Lj) + 

a sum of functions of weighted length of a multicurve, and the resulting integral 
is 

roo 2 n 

/ r XI { H ( x ' L i + L j) + H(x,Li - Lj))V g (x,L 2 , ... ,Lj,... ,L n )xdx, 
Jo 3=2 

where Lj is omitted from the argument list of V g . 

Compare to the lend of Lecture 11 - the volume recursion is established. The volume 
function V g>n (L) is recursively determined. 

What type of function is V gn {L)l The recursion involves two elementary inte- 
grals, see formula ([T]) above for the definition of H, 

roo roc poo 

/ x 2j+1 H(x,t)dx and / / x 2j+1 y 2k+1 H(x + y,t) dxdy. 
Jo Jo Jo 

By direct calculation, see |Mir07al formula (6.2) and Lemma 6.2], each integral is 
a polynomial in t 2 with each coefficient a product of factorials and the Riemann 
zeta function at a non negative even integer, each coefficient is a positive rational 
multiple of an appropriate power of tt. The first polynomial has degree j + 1 in t 2 , 
while the second has degree i+j + 2. The first part of Theorem[5]is now established. 
The second part is the subject of the next lecture. 

Lecture 4: Symplectic reduction, principal S 1 bundles and the normal 
form. 

The goal of the lecture is to establish the following theorem. The formula com- 
bines with Theorem [3l the WP kappa equation uj = 2tt 2 ki, to provide that the 
coefficients of the volume polynomial V g (L) are tautological intersection numbers. 
The result completes the proof of Theorem [U 
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Theorem 10. For d = | dim^7^(£) = dime 7^ n; then 

71 T 2 

« ! JT s (L)/MCG 9W « ! ir 9 ,„/MCG 2 

The proof is essentially by establishing a cohomology equivalence between symplectic 
spaces - combining symplectic reduction, the Duistermaat-Heckman theorem and 
explicit geometry to obtain the formula. 

The considerations of the lecture are presented for the appropriate Teichmiiller 
spaces T and the open moduli spaces T/MCG. The constructions are compatible 
with the augmentation construction. The results are valid for the appropriate Te- 
ichmiiller spaces and compactified moduli spaces. The compactified moduli spaces 
are orbifolds. The following results are for cohomology statements over Q; co- 
homology arguments over Q for manifolds are in general also valid for orbifolds. 
Alternatively, the orbifold matter can be bypassed by applying the general result 
that compactified moduli spaces have manifold finite covers, [BPOCH ILoo94j . 
The Teichmiiller spaces. We consider the trio. 

• T g {L) - the space of marked genus g hyperbolic surfaces, with geodesic bound- 
aries /Si, . . . , j3 n of prescribed lengths L\, . . . , , L n . A hyperbolic surface can be 
doubled across its geodesic boundary to obtain a compact hyperbolic surface of 
higher genus. Accordingly, T g {L) can be considered as a locus in Tig+n-i- The 
symplectic form uj of the image Teichmiiller space restricts to the locus and 
defines a symplectic form on the locus. A pants decomposition for a surface 
with boundary, can be doubled to give a pants decomposition for a doubled 
surface. The doubled pants decomposition is characterized by containing the 
geodesies /3i,... J( S n and being symmetric. Fenchel-Nielsen coordinates and 
the dt A dr formula are applied for doubled decompositions to obtain a de- 
scription of the locus T g {L) C Tig+n-i, and to define a symplectic from ujj c[\. 
The symplectic form is given as ^ ■ d£j A drj (without boundary parameters) 
for any pants decomposition of a surface with boundaries. MCG invariance is 
immediate. 

• Tg.n - the space of marked genus g hyperbolic surfaces, with pointed geodesic 
boundaries f3i, . . . ,(3 n - boundary lengths are allowed to vary and a variable 
point is given on each boundary. The R dimension of Tg t n is 2n greater than 
the K dimension of T g (L). Symplectic reduction requires a symplectic form 
on Tg jn , that is equivalent to ^t 3 (L) 011 L level sets and is invariant under 
rotating points on boundaries. A form is given by describing 7^ n as a higher 
dimensional Teichmiiller space. 

To this purpose, introduce almost tight pants - pairs of pants with two labeled 
boundaries being punctures (length zero) and a third boundary of prescribed 
length. An almost tight pants will be glued to each surface boundary /?,-. The 



25 




Figure 8: A genus 2 surface with three pointed boundaries. 



pants equatorial reflection defines symmetric points on the pants boundary; 
the puncture labeling uniquely determines an equatorial boundary point. A 
standard model for a surface with pointed geodesic boundaries is given by 
gluing on almost tight pants - at each boundary glue on an almost tight pants 
with matching boundary length and the equatorial point aligned with the point 
on the boundary. The construction does not involve choices, so is natural with 
respect to marking homeomorphisms and the MCG action. 

i / 
i / 




Figure 9: Aligning boundary and equatorial points to glue on almost tight pants. 

For a surface R with labeled, pointed boundaries, write R for the standard 
model surface with glued on almost tight pants. The punctures of R are labeled 
in pairs. By the general hyperbolic collar result, small length geodesies are 
necessarily disjoint |Bus92} WlplO| . For the lengths L%,...,L n suitably small, 



the labeled geodesies f}\ , . . . , fi n are uniquely determined on the surface R by 
having small length and bounding labeled punctures. The pointed boundary, 
marked surface R is equivalent to the marked surface R modulo Dehn twists 
about the f3j (Dehn twists, since the boundary points are given on a circle). 
In particular, for c suitably small, the equivalence is between the open subset 
{L < c} of Tg t n and the open subset {L < c} in Tg^n/Ylj Dehn(/3j). 

Definition and equivalence of S 1 principal bundles are next. Considerations 
begin with the short exact sequence from Theorem [9j 

1 — ► Dehn(/3) = JjDehn(^) — ► Stab(/3) = Q Stab(/%) — ► MCG(i?) — > 1, 
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(now Stab(/3j) = Stabo(/3j), since an orientation preserving pants homeomor- 
phism preserves boundary orientation) . The geodesies f3% , . . . , f3 n define sub- 
sets of the Riemann surface bundles (the universal curves) over 7^ n and over 
7^,2n/Dehn(/3). The subsets define oriented circle bundles, provided automor- 
phisms of the Riemann surfaces act at most as rotations on the individual 
geodesies. The small lengths L±, . . . ,L n and labeled boundaries provide the 
condition. The geodesies define circle bundles over Teichmiiller bases. We see 
below that rotation along geodesies defines an S 1 principal structure. Next, 
from the above short exact sequence and the definition of marking - the equiv- 
alence between geodesies f3 C R and j3 C R, and the projections of circle 
bundles to bases, commute with the actions of MCG(i?) « Stab(/3)/Dehn(/3). 
The geodesies define equivalent orbifold S* 1 principal bundles over the quo- 
tients {L < c} C f g , n /MCG(R) x (S 1 )™ (the MCG(i?) and (S 1 ) 11 actions on 
Tg, n commute) and {L < c} C T g ^nl Stab(/3). 

The symplectic form of T Q 2n defines a symplectic form on the open 

subset {L < c}. Fenchel-Nielsen coordinates and the dl A dr formula are 
applied. The form LOj- is given as Y2k d&k A dr^ for any pants decomposition 

of R containing the multicurve f3. Importantly, the form uo^- is given for 

'9,™ 

surfaces R with pointed boundaries by an extended interpretation of the 
dt A dr formula, with a term for each boundary, now with the interpretation 
that r((3j) parameterizes the location of the specified point. See Figure O the 
parameter r(/3j) increasing corresponds to the point moving on the boundary 
with the surface interior on the right. MCG(i?) invariance of the symplectic 
form is immediate. Restriction of the form to L level sets and invariance under 
rotating boundary points are discussed below. 

• Tg.n - the space of marked genus g hyperbolic surfaces with n punctures. 7^ n 
has the MCG invariant symplectic form oj. T g , n coincides with the Teichmiiller 
space 7^(0), where surface boundary lengths are zero. 

We will relate the three symplectic manifolds. 

Symplectic reduction for T g , n - We consider the Hamiltonian geometry of FN 
twists, geodesic-lengths and especially the moment map 

f g , n ^ L=(Ll/2,...,L 2 n /2)eR%. 

Write tj for the unit speed infinitesimal rotation of the point on the boundary f3j; 
tj is a vector field on T g , n - In terms of the standard model surfaces, tj is the FN 
infinitesimal twist vector field for f3j, and tj is the infinitesimal rotation of the j th 
almost tight pants. By twist-length duality, we have oj^ (—tj, ) = dLj and the 
scaled —Ljtj is unit infinitesimal rotation (unit time flow is a full rotation). The 
function is the corresponding Hamiltonian potential, since Uj- (—Ljtj, ) = 
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d^Lj) (the momentum \l? determines the twist sign/orientation). The vector 

fields —Ljtj are the infinitesimal generators for the action on Tg jn , given by 

rotating the boundary points. The symplectic form ojz- is twist invariant and we 

ig,n 

are ready for symplectic reduction, ready to consider the quotient Tg t n/(S 1 ) n . 




Figure 10: Positive rotations for an (S 1 ) 3 action. 



A level set of the moment map [i : T gn — > M n is a locus of prescribed f3 length 
hyperbolic surfaces. The group (S 1 ) 71 acts on level sets by rotating almost tight 
pants. The quotient of a level set by the group is naturally 7~ g (L) - the level set pre- 
scribes the boundary lengths and the group action removes the location information 
for the points. 

Proposition 11. Symplectic reduction. For T g>n / '(S 1 ) 71 « T g {L), then 

w f 9 ,J /t -i(L)/( sl ) n ~ w r 9 (L)- 

Proof. The form ojs- is given by the diAdr formula for any pants decomposition of 
a standard model surface containing the multicurve (3. The differentials dLj vanish 
on fi level sets and the formula reduces to the sum for a pants decomposition of a 
surface with boundary, a sum without boundary parameters - the ^T a (L) formula. □ 

S 1 principal bundles. We review basics about characteristic classes. 

Definition 12. Let ir : P — > M be a smooth circle bundle over a smooth compact 
manifold M. The bundle is S 1 principal provided, 

1. S 1 acts freely on P, 

2. vr(pi) = 7r(p2) */ and only if there exists s G S , such that p\ ■ s = p2- 

A connection for an S 1 principal bundle is a smooth distribution % C TP of tangent 
subspaces such that, 

1. T p P = T-Lp © ker 7r* I , for each p G P, 
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2. s l~Lp — l~Lp.s' 

A connection is uniquely given as H = ker A, for a 1-form A on P, provided A is S 1 
invariant and A(s) = 1. An S 1 invariant inner product ( , ) provides an example 
of an invariant 1-form by A{v) = (v,s)/(s,s). The curvature 2-form on P for a 
connection is <&(v,w) = cL4(hort;,lioru>), for hor the horizontal projection of TP to 
H. 

Theorem 13. \MS74f - There exists a unique closed 2-form on M, such that 
$ = 7r*fL The cohomology class of VL is independent of the choice of S 1 principal 
connection for P and the first Chern class is c\{P) = [Q] G H 2 (M,7j). 

As above, the variable point on the boundary (3j of the surface R defines an S 1 
principal bundle f3j over T g (L); S 1 acts by moving the point with the surface interior 
on the left. A choice of connection for the bundle gives a first Chern class ci(/3j). 
Applying the Duistermaat-Heckman theorem. We extend the definition of 
Tg, n to include L = 0; geodesic boundaries of R can be replaced with punctures. 
Hyperbolic structures converge for boundary lengths tending to zero; in particular 
collar regions converge to cusp regions. The extension of 7^ n is given by parame- 
terizing boundary points by points on a collar/cusp region boundary. 

We recall basics about collars and cusps. For a geodesic a of length £ a , the 
standard collar in the upper half plane EI is C(£ a ) = {d(z, < w(a)}, for the half 
width w(a) given by sinhw(a) sinh^ a /2 = 1. The quotient cylinder {d(z,iR + ) < 
w(a)}/(z i — y e ia z) embeds into it! to give a collar neighborhood of the geodesic. For 
a cusp, the standard cusp in M. is = {Qz > 1/2}. The quotient cylinder {Qz > 
1/2} /(z i->- z + 1) embeds into R to give a cusp region. The boundary of a collar, for 
£ a bounded, and boundary of a cusp region have length approximately 2. Collars 
and cusp regions are foliated by geodesies normal to the boundary. For geodesic- 
lengths tending to zero, half collar neighborhoods Gromov-Hausdorff converge to 
a cusp region (convergence is uniform on bounded distance neighborhoods of the 
boundary); boundaries and geodesies normal to the boundary converge. 




Figure 11: Projecting along geodesies to a collar and a cusp region boundary. 

The geodesies normal to the boundary of a collar provide a projection from 
the core geodesic to each collar boundary. The projection is used to note that 
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prescribing a point on a geodesic boundary of R is equivalent to prescribing a point 
on the boundary of the half collar neighborhood of the geodesic. Since collars and 
their boundaries converge to a cusp region and its boundary, for core geodesic length 
tending to zero, we have a description for the extension of the definition of T g . n to 
include surfaces with collections of lengths Lj zero. 

The standard cusp region is uniformized by the variable w = e 2mz . A point 
on the cusp region boundary = 1/2 corresponds to a point on \uu\ = e _7r and 
given the factor e _7r , a point on the circle corresponds to a tangent vector at the 
origin. The variable w is unique modulo multiplication by a unimodular number; 
the identification of the circle with tangent vectors at the origin is canonical. For 
an S 1 infinitesimal generator —Ljtj, displacement is to the left when crossing the 
geodesic, (compare to the Figure [3] positive twist, right displacement) the reference 
point moves with the surface interior on its left, the tangent vector at the origin 
rotates clockwise, and a dual cotangent vector rotates counter clockwise (the positive 
direction for a C-line). Combining equivalences, the S 1 principal bundle of a point 
on a cusp region boundary is equivalent to a non zero vector in the cotangent line 
for the puncture. 

Proof of Theorem I10L The MCG(-R) and (S 1 )™ actions on Tg in commute; con- 
sider the quotient Tg jn / MCG(R) x (S' 1 ) n . By the Duistermaat-Heckman theorem, 
[CdS01 4 Chapter 30, Theorem 30.8], for small values of L, including 0, the reduced 
level sets n~ l (L)/(S 1 ) n are mutually diffeomorphic. Furthermore by Duistermaat- 
Heckman, the L level set reduced symplectic form ujj | M -i(£)/(5' 1 ) n is cohomolo- 
gous to the sum of the level set reduced form oj^- I - lln \/(S 1 ) n and the contri- 

butions (Lj/2) c\(f3j), for ci(/3j) the first Chern class for the S 1 principal bundle of 
a point varying on the j th cusp region boundary. Combining with Proposition [TT1 
gives the desired cohomology equivalence, 

n L 2 
i=i 

By the description of collars and cotangent lines at punctures, the circle bundle j3j 
is topologically equivalent to the psi line bundle ipj (see Lecture 1) with equality of 
first Chern classes. The proof is finished. 

Lecture 5: The pattern of intersection numbers and Witten-Kontsevich. 

We begin with the discussion of Harris- Morrison [HM98, pgs. 71-75]. For a finite 
sequence of non negative integers {<x,}, define the top ^-intersection number by 

(r ai T a2 ---r an ) g = [_ <^2 2 ---C"- 

J Mg,n 

For a non trivial pairing, the genus g, number of punctures n, and exponents ctj 
are related by 3g — 3 + n = X^j=i a oi otherwise the pairing is defined as zero. More 
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generally using exponents to denote powers (repetitions) of the variables r, define 

m dj 

n n i>u 

g,d j=o k=l 

(r dj denotes that for dj punctures, the associated ip is raised to the j th power; the 
subscripts (j,k) are distinct puncture labels.) For the second pairing, the formal 
count of punctures is d = Yl'jLo 4/ » an< ^ the- formal degree of the product is the count 
of ip factors Yuf=ojdj- For a non trivial pairing, the genus, number of punctures 
and degree are related by 3g — 3 + d = Y^jLajdj, otherwise the pairing is zero. 
The psi classes are known to be positive - integrals of products over subvarieties are 
positive; the non trivial pairings are positive, matching Mirzakhani's positivity of 
volume polynomial coefficients, see Theorem HJ 

Witten considered a partition function (probability of states), for two-dimensional 
gravity. For an infinite vector t = (to,t\, . . . ,t n , . . . ), and 7 the formal sum 7 = 
Y^=o^j T j-> Witten introduced a genus g generating function for r products, 

n=0 

in which the numerator is defined by monomial expansion, resulting in the formal 
power series 

00 00 jdj 

w=£<rK'>»nfr 

{dj} 3=0 3=0 r 

where the sum is over all sequences of non negative integers {dj} with only finitely 
many non zero terms. -By Theorem [U the intersection numbers (tqV^ 1 • • • T^) g 
are the coefficients of the leading terms of the volume polynomials V g ^ n (L).- 
The quantum gravity partition function is 

00 

F(A,t) = ^A 2 *- 2 F 5 (t). 

9=0 

Based on a realization of the function in terms of matrix integrals, Witten conjec- 
tured that the partition function should satisfy two forms of the Korteweg-deVries 
(KdV) equations. Kontsevich gave a proof of the conjecture using a cell decomposi- 
tion of the moduli spaces -Mg,n, |Kon92| . Cells are enumerated by ribbon graphs/fat 
graphs. Kontsevich encoded the intersection numbers in an enumeration of triva- 
lent ribbon graphs. He then used Feynman diagram techniques and a matrix Airy 
integral to establish Witten's conjectures. 

Two basic relations for the intersection numbers are: for n > and Y2i a i = 
3g - 2 + n > 0, the 

string equation (r r ai • • • T an ) g = (r m • • • r a ._i • • • T a J g , 



l^do di T-dm\ — \ 

VO T l T m 19 — j 

JM 
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and for n > and Yli a« = 3g — 3 + n > 0, the 

dilaton equation (rir ai • • • r an ) g = (2g - 2 + n)(r ai ■ ■ ■ r an ) g . 

The first equation is for adding a new puncture without an associated factor of ip in 
the product, while the second equation is for adding a new puncture with a single 
associated factor of tp- 

Similar to setting Vo^(L) = 1, the intersection symbol for the thrice punctured 
sphere is normalized to (tq)q = 1. The general genus formula is 



n 



a\l ■ ■ ■ • 



with the right hand side a multinomial coefficient for n — 3. The genus string 
equation is simply Pascal's multinomial neighbor relation. 

For genus 1, Theorem [10] and the WP kappa equation, Theorem [31 give V(L) = 
J /V)i 27r 2 Ki + -rrV'- The formula combines with the Lecture 3 calculation Vi^i(L) = 

+ ^ (now including the elliptic involution | factor) to provide the evaluations, 

General genus 1 evaluations are found from the single evaluation by applying the 
string and dilaton equations. A consequence of the Witten conjecture is that all 
(t) intersections can be calculated from the initial values (tq)o = 1 and (ri)i = 
using the Virasoro equations L n (e F ) = for the partition function described below. 

In the Ivolume recursion] leading coefficients are obtained from leading coeffi- 
cients - the recursion specializes to leading coefficients, sec [Mir07b. Lemma 5.3]. 
We now sketch the application of the specialized recursion to relations for the par- 
tition function and a solution of Witten's conjecture. 

Relations come from the Virasoro Lie algebra. The Witt subalgebra is gener- 
ated by the differential operators C n = —z n+1 d/dz, n > —1, with commutators 
[C n ,C m ] = (n — m)C n+m . The string and dilaton equations can be written as linear 
homogeneous differential equations for the exponential e F of the partition function. 
The differential operator for the string equation is 

d A- 2 2 ^ d 

U 3=0 3 

and the differential operator for the dilaton equation is 

3 5 ^2j + l d 1 
L ° " "2 ~dh + ^^2~ ^ + 16' 

3=0 3 
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With simple conditions, there is a unique way to extend operator definitions to 
obtain a representation of the {C n } subalgebra. The general operator is 

(2n + 3)!! d ^ (2j + 2n + 1)!! t 8 



2«+i dt n+1 ^ ^ (2j - 1)!! 2«+i J <9i i+ri . 



(2j + l)!!(2n-2j-l)H a 2 



2 2™+! dtidtn-j-i 1 

j=0 3 J 



with commutator [L n ,L m ] = (n — m)L n+m . 

Theorem 14. \Mir07b , Theorem 6.1]. The Witten-Kontsevich conjecture: Virasoro 
constraints. For n > — 1, then L n (e F ) = 0. 

Proof. For an exponents multi index k = (k\, . . . , k n ), the volume recursion formula 
becomes the coefficient relation 

(2k 1 + l)V g>n (L)[k] = A™(L)[k] + A^(L)[k] + B g , n (L)\k]. 

The leading coefficient relation takes the following explicit form (following the la- 
beling of boundaries, the punctures are labeled 1, . . . , n) 

(2k 1 + l)U(r kl ---r kn ) 

= \ (2i + l)H(2j + l)!! Y i^) (t^) 

i+j=ki-2 7c{2,...,n} 

+ \ Y (2i + l)!!(2i + l)!!(r i r i r ifc2 ---rO 

i+j=k t -2 

, ^ (2fei + 2fe i -l)ll / 

+ Z> (2k- - 1)!! ^ ' " Tfc i+ fc i- 1 ' " T *w- 

Rearranging the explicit relation provides that Lfc 1 _i(e F ) = 0. □ 

Mulase and Safnuk consider a generating function for the intersections of com- 
binations of the K\ and ip classes [MS08J 

G(s,t , tl ,...) = Y(e SKl+ ^) 9 = EE ^o% dl ---) 9 ^II^T' 

9 9 m,{dj} ' j=0 r 

where again products, other than 3g— 3+n-products, are defined as zero. Mulase and 
Safnuk use the volume recursion and rearrangement of terms to prove the following. 
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Theorem 15. IMS081 Thrm. 1.1] Virasoro constraints. For each k > —1, define 

v lyy 9r , ,x , oA „ (-2^ 9 1 ^ (2(j + fc) + 1)H , 9 

V, = -- g(2(* + k) + 3)!- (2 . + 1)! , w + 5 £ (2, ,)!! 

+ 1 y ( 2d 1 + i)!!(2d 2 + l)!!-^_ + ^I + ^, 

4 ^ V ; V ; di dl dt d2 4 48 ' 

d 1 +d 2 =fe-i 
di,d 2 >0 

for the double factorial and Kronecker delta function 5^*. T/ien 

• the operators Vk satisfy the Virasoro commutator relations [V n ,V m ] = (n — 

• the generating function G satisfies Vfc(e G ) = /or fc > — 1. 

The initial conditions and second system of equations uniquely determine the gen- 
erating function. 

In a direct display that the intersection numbers for k\ and ip classes are equiv- 
alent intersection numbers for ip classes, Mulase and Safnuk show that 

G(s,t ,t 1 ,t 2 ,t 3 ...) = F(to,h,t 2 + 72,^3 + 73, •••)> 

where jj = — (— s) J /(2j-|- l)j! [MS08, Thrm. 1.2]. An explicit proof of the relation 
also comes from a formula of Faber, expressing kappa classes in terms of psi classes 
on moduli spaces for a greater number of punctures. 

In his thesis [Do08|, Norman Do presents a 

n „ 

generalized string equation Vg,n+i 

k=i ^ 

and 

9V 

generalized dilaton equation ®' n — (L,2m) = 2iti(2g — 2 + ri)V g , n (L), 

oL n+ i 

where on the left hand side, the value 2iti is substituted for the (n + l) st boundary 
length and L = {L\, . . . ,L n ). By Theorem^ the second equation, for appropriate 
non negative multi indices a = (at, a 2 , ... , ct n ) and integers m, is equivalent to the 
relations 

[_ ■ ■ • C n ^n+i(Kl - ^n+iT = (2g - 2 + n) f V-r 1 ^ 2 • • • 

A proof of the generalized equations is based on the pullback relations for psi and 
kappa classes, and general considerations for images of classes. In particular for 
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7T : Mg,n+i — > -M.g,n, the morphism of forgetting the last puncture, then the 
classes K m , ^ k on M g>n +i and K m , ipk on M g>n , satisfy n m = Tr*K m + ip™ +1 and 
tpk = n*ipki (for Dk the divisor of the k th puncture on the universal curve over 
M g , n ), [HM98] . 

A second proof of the equations is based on exact formulas for the operations in 
the volume recursion. For the generalized dilaton equation, consider the following 
four operators acting on the ring C[x 2 , y 2 , L 2 , . . . , L 2 



^n+i=27ri 
poo 



xyH(x-\-y,L 1 )[-]dxdy, 

roo 

and / x(H(x, L\ + Lk) + H(x, L\ — Lk))[-]dx. 
Jo 



Formulas for the operators are developed. For the proof, the generalized dilaton 
equation is written using the second operator, the volume recursion is applied for 
the left hand side, operator formulas are applied, and terms are gathered to give 
the right hand side. The generalized dilaton equation gives WP volumes for the 
compact case, including the following examples 

__ 43vr 6 _ 176557tt 12 

2,0 ~ 2160' 3,0 ~ 1209600 ' 

19592258670177T 18 84374265930915479tt 24 

^4,0 - .^on^a-nnn and V 5fi 



493807104000 ' 355541114880000 

We close the lecture by noting that there is extensive research on Witten's conjec- 
ture for the moduli space. The Kontsevich and Mirzakhani approaches are analytic 
in nature. Okounkov and Pandharipande [OP09] transformed the question to count- 
ing Hurwitz numbers, topological types of branched covers of the sphere, and used a 
combinatorial approach to count factorizations of permutations into transpositions. 
Their combinatorial approach gives Kontsevich's formula. There is an even greater 
body of research on intersection numbers and relations on the moduli space [HM98]. 



References 

[BP00] M. Boggi and M. Pikaart. Galois covers of moduli of curves. Compositio 
Math., 120(2) :171-191, 2000. 

[BS85] J. Birman and C. Series. Simple curves have Hausdorff dimension one. 
Topology, 24(l):217-225, 1985. 

[Bus92] Peter Buser. Geometry and spectra of compact Riemann surfaces, volume 
106 of Progress in Mathematics. Birkhauser Boston Inc., Boston, MA, 
1992. 



35 



[CdSOl] Ana Cannas da Silva. Lectures on symplectic geometry, volume 1764 of 
Lecture Notes in Mathematics. Springer- Verlag, Berlin, 2001. 



[DN09] Norman Do and Paul Norbury. Weil-Petersson volumes and cone surfaces. 
Geom. Dedicata, 141:93-107, 2009. 

[Do08] Norman Do. Intersection theory on moduli spaces of curves via hyperbolic 
geometry. PhD Thesis, The University of Melbourne, 2008. 

[Doll] Norman Do. Moduli spaces of hyperbolic surfaces and their Weil- 
Petersson volumes. Arxiv:math/1103.4674, 2011. 

[FO06] Jose Figueroa-O' Far rill. PG minicourse: BRST cohomology, Lecture 
2: Symplectic reduction. Edinburgh Mathematical Physics Group, 
http://empg.maths.ed.ac.uk/Activities/BRST/Lect2.pdf, 2006. 

[GruOl] Samuel Grushevsky. An explicit upper bound for Weil-Petersson vol- 
umes of the moduli spaces of punctured Riemann surfaces. Math. Ann., 
321(1):1-13, 2001. 

[Har77] W. J. Harvey, editor. Discrete groups and automorphic functions. Aca- 
demic Press [Harcourt Brace Jovanovich Publishers], London, 1977. 

[HM98] Joe Harris and Ian Morrison. Moduli of curves, volume 187 of Graduate 
Texts in Mathematics. Springer- Verlag, New York, 1998. 

[IT92] Y. Imayoshi and M. Taniguchi. An introduction to Teichmiiller spaces. 

Springer- Verlag, Tokyo, 1992. Translated and revised from the Japanese 
by the authors. 

[Kon92] Maxim Kontsevich. Intersection theory on the moduli space of curves and 
the matrix Airy function. Comm. Math. Phys., 147(1): 1-23, 1992. 

[Loo93] Eduard Looijenga. Intersection theory on Deligne-Mumford compactifi- 
cations (after Witten and Kontsevich). Asterisque, (216):Exp. No. 768, 4, 
187-212, 1993. Seminaire Bourbaki, Vol. 1992/93. 

[Loo94] Eduard Looijenga. Smooth Deligne-Mumford compactifications by means 
of Prym level structures. J. Algebraic Geom., 3(2):283-293, 1994. 

[McS98] Greg McShane. Simple geodesies and a series constant over Teichmuller 
space. Invent. Math., 132(3): 607-632, 1998. 

[Mir07a] Maryam Mirzakhani. Simple geodesies and Weil-Petersson volumes of 
moduli spaces of bordered Riemann surfaces. Invent. Math., 167(1):179- 
222, 2007. 



36 



[Mir07b] Maryam Mirzakhani. Weil-Petersson volumes and intersection theory on 
the moduli space of curves. J. Amer. Math. Soc, 20(l):l-23 (electronic), 
2007. 



[Mir08] Maryam Mirzakhani. Growth of the number of simple closed geodesies on 
hyperbolic surfaces. Ann. of Math. (2), 168(1):97-125, 2008. 

[MirlO] Maryam Mirzakhani. Growth of Weil-Petersson volumes and random 
hyperbolic surfaces of large genus. Arxiv:math/1012.2167, 2010. 

[MS74] John W. Milnor and James D. Stasheff. Characteristic classes. Princeton 
University Press, Princeton, N. J., 1974. Annals of Mathematics Studies, 
No. 76. 

[MS08] Motohico Mulase and Brad Safnuk. Mirzakhani's recursion relations, Vi- 
rasoro constraints and the KdV hierarchy. Indian J. Math., 50(1):189-218, 
2008. 

[MZ00] Yuri I. Manin and Peter Zograf. Invertible cohomological field theories 
and Weil-Petersson volumes. Ann. Inst. Fourier (Grenoble), 50(2):519- 
535, 2000. 

[OP09] A. Okounkov and R. Pandharipande. Gromov-Witten theory, Hurwitz 
numbers, and matrix models. In Algebraic geometry — Seattle 2005. Part 
1, volume 80 of Proc. Sympos. Pure Math., pages 325-414. Amer. Math. 
Soc, Providence, RI, 2009. 

[ST01] Georg Schumacher and Stefano Trapani. Estimates of Weil-Petersson 
volumes via effective divisors. Comm. Math. Phys., 222(l):l-7, 2001. 

[TWZ06] Ser Peow Tan, Yan Loi Wong, and Ying Zhang. Generalizations of 
McShane's identity to hyperbolic cone-surfaces. J. Differential Geom., 
72(1):73-112, 2006. 

[Wit 91] Edward Witten. Two-dimensional gravity and intersection theory on mod- 
uli space. In Surveys in differential geometry (Cambridge, MA, 1990), 
pages 243-310. Lehigh Univ., Bethlehem, PA, 1991. 

[Wit 92] Edward Witten. Two-dimensional gauge theories revisited. J. Geom. 
Phys., 9(4): 303-368, 1992. 

[Wlp82] Scott A. Wolpert. The Fenchel-Nielsen deformation. Ann. of Math. (2), 
115(3):501-528, 1982. 

[Wlp83] Scott A. Wolpert. On the symplectic geometry of deformations of a hy- 
perbolic surface. Ann. of Math. (2), 117(2) :207-234, 1983. 



37 



[Wlp90] Scott A. Wolpert. The hyperbolic metric and the geometry of the universal 
curve. J. Differential Geom., 31(2):417-472, 1990. 



[WlplO] Scott A. Wolpert. Families of Riemann surfaces and Weil-Petersson Ge- 
ometry, volume 113 of CBMS Regional Conference Series in Mathematics. 
Published for the Conference Board of the Mathematical Sciences, Wash- 
ington, DC, 2010. 

[Zog08] Peter Zograf. On the large genus asymptotics of Weil-Petersson volumes. 
Arxiv:math/0812.0544, 2008. 



38 



